The effect of porosity on elastic modulus in low-porosity materials is investigated. First, several models used to predict the reduction in elastic modulus due to porosity are compared with a compilation of experimental data to determine their ranges of validity and accuracy. The overlapping solid spheres model is found to be most accurate with the experimental data and valid between 3 and 10 pct porosity. Next, a FEM is developed with the objective of demonstrating that a macroscale plate with a center hole can be used to model the effect of microscale porosity on elastic modulus. The FEM agrees best with the overlapping solid spheres model and shows higher accuracy with experimental data than the overlapping solid spheres model.
I. INTRODUCTION
A. Background POROSITY can cause changes to a material's behavior under loading that is different than predicted. In the extreme case, these changes, if unaccounted for, could lead to major safety and economic concerns. Therefore, the ability to accurately and easily model the effect of porosity is of paramount importance during the design and testing stages. While metals are typically not intended to contain significant pores, micro pores can be present due to manufacturing defects. These pores, which at first glance may appear inconspicuous, can increase in size during service in harsh environmental conditions. For example, in oil and gas pipelines and in hydrogen fuel tanks (typically found in aerospace), materials can be subject to high concentrations of hydrogen. Over time, hydrogen can diffuse into the material and recombine into H 2 , increasing the size of the initial voids and thus raising the porosity to a level that may effect the elastic modulus of the material. [1, 2] As another example, in the emerging field of additive manufacturing, micro particles are being used to create parts via the bottoms-up method. However, this method often results in porosity in the part between 0 and 10 pct. [3] Overall, while the effect of low levels of porosity on the yield stress has been comprehensively studied and captured in finite element software, the effect on the elastic modulus requires further research. [4] B. Porosity and its Effect on Modulus Significant research has been completed on the relationship between porosity and elastic modulus. Models typically agree that the relationship falls into categories based on the level of porosity. For example, the work of Zhang and Wang in Reference 5 has recommended subdividing porosity levels into low, medium, and high porosity. Where low porosity is less than 10 pct, medium porosity is from 10 to 70 pct and, finally, high porosity is greater than 70 pct. Therefore, the approach taken to predict the effect of porosity on elastic modulus depends first on the degree of porosity in the material. For example in low-porosity materials, the fundamental assumption is that voids are distributed such that there is no pore interaction. This assumption then leads to the conclusion that only void fraction, and not void orientation or other material-specific constants, effects the reduction in elastic modulus. [6, 7] However, when in intermediate porosity zone the distance between pores is such that pores interact and material-specific values must also be considered. [8] It is important to remember that the numbers in these ranges are not necessarily exact and could possibly be better described as extremely low porosity, extremely high porosity, and then the large middle level. [8] In low-porosity materials (<10 pct porosity), there are several suggested relationships between porosity and elastic modulus that depend only on porosity. However, they do not predict the same influence of porosity and create a potential confusion when attempting to model a porous material. Therefore, this study attempted to clarify this confusion by evaluating these models and then demonstrating the applicability of a finite element model (FEM) to accurately predict the change in elastic modulus due to porosity.
1. Low-porosity materials For materials of low porosity, there have been both analytical and experimental studies that developed a relationship to predict the elastic modulus in terms of the porosity. In this porosity level, the elastic modulus is typically determined based on the assumption that voids are not interacting and that void fraction, and not void orientation, effects the materials behavior. [6] As a result, models in the low-porosity level are independent of the material and depend only on the degree of porosity. [6, 7] For example, it has been suggested that a more simplified approach to modeling the elastic modulus of a porous material can be to consider the rule of mixtures used in composites to relate the modulus of two phases based on a volumetric fraction. In this case, one of the phases is considered as the solid non-porous material and the other phase is the empty voids. [8, 9] However, there is a lack of research on the validity of this model or its ranges of accuracy as compared to experimental data. As another example, Coble and Kingery in Reference 10 developed a model to describe materials with spherical pores through testing of cast alumina with porosity from 5 to 50 pct. Elastic modulus was then measured using samples in transverse bending and a model was generated that best fit experimental findings. Similarly, Maiti et al. in Reference 11 developed a relationship between modulus and porosity by measuring the mechanical properties of three types of cellular solids as a function of density. An analytical model was then developed based on the concept that the loading of foam first causes deflection in the cells walls, which can be calculated by relating the densities of the foams to the cell walls. While this study was initially developed to model properties as a function of density, the ratio of the densities can also be related to a porosity ratio, allowing for the subsequent development of a model to predict the behavior of porous materials. Next, in Reference 12. Lu et al. studied the effect of porosity on common industrial materials such as carbon rods, woods, ceramics, and foams. The authors developed a micromechanical model that related the elastic modulus to the porosity for porosity less than 30 pct. This model considered the material as an isotropic matrix with n spherical voids of varying sizes. Average shear strains were then calculated for a given shear stress, allowing the shear and elastic modulus to be calculated as a function of porosity. The theoretical model showed good agreement with the experimental data presented. [12] Finally, in Reference 13. Boccaccini and Fan developed a model to determine the effect of porosity on the elastic constants of porous ceramics. This model considers porosity as a zero density second phase and requires grain size and pore diameters that, in practice, may be cumbersome to obtain for each material in question. However, as seen in, Reference 14 if topological parameters are unavailable a power law can be used to generate a series of curves that are then matched to experimental data.
Intermediate porosity
It is important to note that some models developed for the intermediate porosity level have also shown accuracy with experimental values in the low-porosity level. As a result, some of these analytical models were also considered for their accuracy in predicting the elastic modulus in low-porosity materials. In medium-porosity materials, pores can interact and lead to stress redistribution in the material. Moreover, there exists a critical porosity fraction that, when reached, the material loses all stiffness and load carrying capability. Accounting for this critical porosity value data, Bert et al. in Reference 15 presented Eq. [1] to predict the elastic modulus of medium-porosity materials through an empirical observation of trends in experimental data. This model was developed based on the assumption that the ratio of porous material property to the solid material property is proportional to the ratio of minimum solid contact area to total cross-sectional area in the porous material. [16] The parameters / 0 and n must be determined for each model/material by best fitting to experimental/analytical results.
where E 0 is the elastic modulus of the material without pores, / 0 is the critical porosity value for the given material (between 0.37 and 0.97), / is the porosity of the material, and n is a power exponent that must be determined for each model/material. Building on this model, in Reference 17. Roberts and Garboczi used finite element analysis to study the influence of porosity and pore shape on the elastic properties of model porous ceramics. The study developed three different FEMs by placing spheres/ellipses in a unit cell to create various pore shapes and then best fitting the results to the model suggested by Bert in Reference 8 to determine the / 0 and n parameters. Predicted elastic moduli agreed well with experimental data and several models also accurately predicted the elastic modulus of materials with porosity below 10 pct. Therefore, these models will also be considered as potential models for the low-porosity level.
Similarly, Hardin and Beckermann in Reference 8 used a FEM to determine the best fit parameters for cast steel. First, a simple tension test and radiographic measurement was performed and a FE mesh was mapped onto an object in Abaqus. However, due to the microscopic nature of the pores, a small representative volume with a defined porosity fraction was used. A relationship for porosity was then determined by minimizing the difference between the FEM and experimental values and best fitting the results to the model suggested by Bert in Reference 8. Results demonstrated that this method was accurate in the prediction of strains but had significant error in predicting the elastic modulus. The paper concluded that there was no correlation between average porosity and elastic modulus and that the reason for this error in modulus was because the FEM was a representative sample of the total porosity. [8] However, while the results may not be as useful in the prediction of elastic modulus, they serve to shed light on the importance of a FEM fully accounting for variations in porosity in the material.
C. Finite Element Models
Perhaps the most commonly referenced FEM for porous metals is the porous plasticity model found in Abaqus. [18] This model is based on the Gurson-Tvergaard-Needleman (GTN) model originally developed by Gurson in Reference 7 and later extended by Tvergaard in Reference 4 for the failure of ductile materials due to void coalescence. This model defines a yield potential based on an isolated spherical void and forms the basis of the porous plasticity model currently used in Abaqus to predict the behavior of mildly voided materials. However, while the model is able to accurately predict micromechanical parameters such as yield stress, it is unable to account for the macro scale effects of the micro scale pores. For example, Hardin and Beckermann in Reference 19 investigated using the porous plasticity model to model the influence of porosity on the yielding of cast steel. As porosity was changed, the only observable difference in the stressstrain curves was a change in yield stress. [19] Therefore, because there was no change in the slope of linear portion of the plot, the model does not predict a change in elastic modulus due to porosity. This finding serves to highlight the confusion at hand. While studies and intuition dictate that porosity should affect the modulus, one of the most commonly used microscale models found in Abaqus appears to ignore or not account for the effect on elastic modulus. [19] D.
Purpose of Study
As can be seen from the above review, several models exist to predict the influence of porosity on elastic modulus. However, because there is no study on the ranges of validity and relative accuracy of these models, there is a potential confusion when attempting to predict the elastic modulus of a low-porosity material. Moreover, the GTN model, a popular microscale model in Abaqus for low-porosity materials, only adds to the confusion by predicting a change in the yield stress and no change in the elastic modulus. As a result, Abaqus does not have the capability to accurately predict the elastic modulus of a porous material. To help eliminate this gap in knowledge, this study focused on the evaluation of models used for materials in the low-porosity level. The first objective of this study was to compare the present models and to clearly identify their validity when compared to experimental data. Next, an FEM was developed with the objective of demonstrating that a macroscale plate with a center hole can be used to account for the effect of microscale porosity on elastic modulus. Current work is devoted to study the effect of low porosity on elastic modulus in tension. Meanwhile, effort is also underway to extend the study to also include compression. [5] II. PROCEDURES
A. Evaluation of Existing Models
The first step in this study was to examine experimental data to verify that there was indeed an effect of porosity on elastic modulus. This was achieved by compiling a set of previously conducted experimental data on the elastic modulus of materials with porosity ranging from 0 to 10 pct. Next, these experimental data were used to evaluate the previously suggested relationships between porosity and elastic modulus to determine their relative accuracy.
B. Finite Element Model Study
After determining which relationship best predicted the effect of porosity on elastic modulus, a simplified FEM was then developed using the finite element software Abaqus. First, a large 2D steel plate in plane stress was developed and a pressure load was applied in tension along the width. The plate was fixed in the U1 direction on its left edge to model a tension test. Dimensions and details on the plate can be found in Table I . To simulate porosity in this plate, varying sizes and orientations of circular pores were removed from the material. Pore sizes were identified as percentage values of the total area (Table I) . In other words, the proposed model can operate in a non-dimensional fashion and the geometry indicated in Table I is provided for illustration purposes.
First, a simulation was run for the plate with zero porosity and a stress-strain curve was produced using the applied pressure and change in length of the plate. The slope of this curve was used to obtain the expected effective elastic modulus of 200 GPa; matching the inputted value and therefore verifying the model ( Figure 1) .
Next, using the python scripting language, a computer code was developed in the Abaqus interface. This compute code enables the user to modify the pore sizes and locations and automate running their corresponding FE model in Abaqus. Using this script, the above test was replicated for a range of pore orientations and stress-strain curves were used to calculate the elastic modulus at 2,4,6 8, and 10 pct porosity. A summary of Figure 2 . Modified elastic moduli were then calculated based on the slope of the resulting stress-strain curve and then compared to the sound modulus that was assigned to the model in Abaqus. Finally, based on the findings of pore orientation, the above script was used to automate the testing of plates with a center pore accounting for 1 to 10 pct of the total surface area of the plate in Abaqus. The center pore simulated various degrees of consolidated porosity in the plate. Moreover, because there was no pore interaction in the model, the assumption for low-porosity models was supported and material-specific parameters need not be considered. [6, 7] The slope of the stress-strain curve was then used to obtain the effective elastic modulus for the steel at various degrees of porosity relative to the assigned sound modulus. These results were then compared with experimental data and the most accurate models from above to demonstrate that a macroscale FEM accurately predicted the influence of porosity on elastic modulus.
III. RESULTS AND DISCUSSION

A. Effect of Porosity on Elastic Modulus
While several models exist to predict the change in elastic modulus due to porosity, their relative accuracy and ranges of validity remain unknown. To close this knowledge gap, a comparison between several models and experimental data was conducted. Figure 3 compiles a set of experimental data on the percent reduction in elastic modulus for a range of porous materials. The data observed a linear trend of increasing percent reduction in elastic modulus with increasing porosity (R 2 = 0.77). Therefore, it is clear that porosity has a direct effect on the elastic modulus of a material. The wide range of materials and preparation techniques for the experimental data also shed light upon the variables that should be considered when modeling porosity. For example, alumina values were obtained from two different sources. [20, 21] In Reference 21. Asmani et al. shaped alumina pellets via uniaxial pressing and then sintered these pellets at various temperatures to produce closed porosity shapes. The elastic modulus was then measured using a pulse-echo method that calculated the transit time and longitudinal/transverse wave velocities. In contrast, the data provided by Knudsen in Reference 20 were a compilation for a range of tests on the elastic modulus of alumina. Samples were prepared via cold and hot pressing and elastic modulus was determined both statically and dynamically. Therefore, given that both data sets closely follow the same trend, it appears that preparation/measuring techniques do not influence the reduction in elastic modulus. While the majority of materials closely followed this trend, porosity in HfO 2 resulted in a lower reduction in elastic modulus than other materials. As the authors explained in Reference 22, the HfO 2 samples were prepared using a dried powder that was formed calcined, and then stabilized with approximately 30 pct Er 2 O 3 . However, this additive was shown to change the microstructure and effect the baseline elastic modulus. [22] As a result, the stabilizer may have changed the porosity of the material and led to less of a reduction in elastic modulus. Therefore, this set of data is included only for the sake of completeness. Moreover, when the data for HfO 2 are ignored, the linearity of the experimental values raises to an R-squared value of 0.87. Overall, because the data for several different materials followed the same linear trend, it supports the conclusion that models for low-porosity materials need not be material specific and that the pore volume is critical parameter.
B. Evaluation of Existing Models
Next, 6 models for low-porosity materials were evaluated against the experimental data above. First, the three relationships modeled by Roberts and Garboczi in Reference 17 based on various pore orientations were considered (Eqs. [2] through [4] ). These equations were developed by placing either spheres or ellipses into a unit cell such that the orientations of these pores created various pore shapes. This until cell was then analyzed using FEA and it was found that the relative elastic modulus was independent of poisons ratio and followed the trend predicted by Eq. [1] . Therefore, the analytical results of this model were best fit to Eq. [1] to determine the / 0 and n parameters for each geometry. [ In addition to these models, the rule of mixtures (Eq. [5] ) in Reference 9, the model for materials with spherical holes developed by Coble and Kingery (Eq. [6] ) in Reference 10, the model for closed cell Fig. 3 -A compilation of experimental data for the percent reduction in elastic for various materials with porosity between 1 and 10 pct (Alumina 1, [20] Alumina 2, [21] thermoset polyester resin, [23] HfO 2 , [22] sintered Iron, [24] MgAl 2 O 4 [25] ).
porous materials developed by Maiti et al. (Eq. [7] ) in Reference 11, the micromechanical model suggested by Lu et al. (Eq. [8] ) in Reference 12, and the power law model suggested by Bartowski and Spletzer [14] were also considered.
where / is the porosity of the material. Figure 4 and Table II present the predicted percent reduction in elastic modulus for each model as compared to the experimental data for low-porosity materials. First from an overall perspective, all analytical models considered captured the trend of increasing percent reduction in elastic modulus with increasing porosity demonstrated by the experimental values. Between 0 and 2 pct porosity (Figure 4a ), it is difficult to discern a clear trend and the range of predicted values was closely clustered between a 2 and 6 pct reduction in elastic modulus. However, as the porosity increased ( Figure 4b ) the range of predicted percent reduction grew to over 20 pct and there were stark differences in the models.
For the FEMs presented by Roberts and Garboczi in Reference 17, it can be seen that the overlapping solid spheres model and ellipsoidal pores model both fell within the range of experimental values and were more accurate than the spherical pores model. Moreover, when compared to line of best fit of the experimental data, the overlapping solid spheres model was the most accurate model tested. However, these models were all based on best fitting to Eq. [1] , an equation developed to describe the porosity of intermediate porosity materials. A key feature in this intermediate porosity range is that pores become macroscopically connected and violate the assumption found in low-porosity models; that pores do no interact. Therefore, the micromechanical geometries of these models may create potential limitations to their validity in the low-porosity range. For example, in the overlapping spherical pores model pores only become macroscopically connected at porosities above 30 pct. Therefore, an overlapping solid spheres microstructure is not applicable for low-porosity materials, potentially explaining the inaccuracy with the experimental values between 0 and 10 pct porosity. Similarly, pores in the overlapping ellipsoidal pores model only become macroscopically connected at porosities above 20 pct. However, while the range of validity for this model was also outside the porosity level in question, its validity was closer to the 0 to 10 pct level than the overlapping solid spheres model. This may help explain why it followed the experimental line of best fit closer than the overlapping solid spheres model. Finally, the overlapping spherical pores model was the most accurate of the three and, unlike the other models, has a microstructure that becomes macroscopically connected at porosities above 3 pct. Therefore, this model is valid within the majority of the low-porosity range and was most accurate when compared to the experimental line of best fit. Overall, the inaccuracies in these models are likely due to the fact that they were intended for use in the intermediate porosity zone where pores interact and orientations effect elastic modulus. When examining the other models considered it can clearly be seen that Eq. [5] , the rule of mixtures model, drastically underpredicted the percent reduction in elastic modulus and did not agree with any experimental data. These findings were supported by Bartowski and Spletzer [14] who also showed that the rule of mixtures underpredicted the reduction in elastic modulus for silicon carbide. Similarly, the model suggested by Coble and Kingery (Eq. [6] ) underpredicted the reduction in elastic modulus and agreed only with the experimental data for HfO 2 presented by Dole et al. in Reference 22. Upon closer inspection, the constants in this equation were developed for materials with a Poisson's ratio of 0.3.
[10] Therefore material parameters have been included and the model is likely better suited for intermediate porosity where pores interact and should not be used for 0 to 10 pct porosity.
[10] The model described by Lu (Eq. [8] ) also under predicted elastic modulus. This model was designed for materials between 0 and 30 pct porosity; a range wider than typically seen that should encompass both the low and intermediate porosity zones. [12] Moreover, similar to the Coble and Kingery model, this equation was developed for materials with a Poisson's ratio of 0.3. As a result, this model is also likely better suited for intermediate porosity where material parameters are included and pores interact. [12] In contrast, Eq. [7] , the model for closed cell porous materials developed by Maiti et al. [11] closely followed the experimental data and was the second most accurate model when compared to the line of best fit. This model was actually derived during the development of a model to predict mechanical properties of a cellular material in compression. [11] The initial model predicted the elastic modulus of a foam through the ratio of the relative densities and the elastic modulus of the solid cell wall. Eq. [7] was then derived by replacing the ratio of the densities of foam to solid by one minus the porosity, and by then replacing the elastic modulus of the cell wall with the elastic modulus of the solid material. Similarly, the power law model proposed by Bartowski and Spletzer [14] for porous silicon carbides followed experimental values well between 0 and 3 pct porosity but increased in error at higher porosities. The reason for this discrepancy is likely because the exponent 2.4 was generated by matching curves for the power law to four data experimental data points between 0 and 3 pct porosity. [14] Therefore, the model was really only a best fit for a small portion of the low-porosity range.
C. Finite Element Model
Effect of pore orientation on elastic modulus comparison of finite element model with analytical models and experimental values
After comparing and evaluating the existing models, the next step was to examine the applicability of a FEM for low-porosity materials in Abaqus. Although porosity is a microscale phenomenon, its effect can be seen on both the yield stress (a microscale property) and on elastic modulus (a macroscale property). Therefore, the fundamental question asked by this FEM was whether microscopic pores can be approximated as one bulk macroscopic hole and then be used to accurately obtain the elastic modulus, a macroscopic property. The first step to answering this question was to investigate the effect of pore orientation on elastic modulus. Therefore, the plate as described in Table I was first put in tension in Abaqus with various pore orientations and the resulting slope of the stress-strain curve was compared to the sound nominal modulus from Table I .
The effect of porosity on elastic modulus for various pore orientations is compared in Figure 5 . Several different pore orientations were considered that varied the size, number, and location of the pores. The maximum error between orientations occurred at 10 pct porosity (8.32 pct), while all other errors were below 6 pct. Therefore, changing pore orientation did not appear to cause a significant effect of the percent reduction of elastic modulus. However, it is important to note that as porosity increased, the standard deviation between the various orientations also increased. For example, at 2 pct porosity the standard deviation between all orientations was only 0.004 and the range in predicted reduction in elastic modulus was from 5.9 to 6.9 pct. However, at 10 pct porosity the standard deviation was raised by approximately seven times to 0.025 and range in values was between 27 and 34 pct. This error is likely due to the beginning of pore interactions as the model leaves the low-porosity zone (where it is assumed pores do not interact and material parameters do not need to be considered) and enters the intermediate porosity zone (where pore orientations and material parameters are important). Therefore, when the total porosity in the model reaches 10 pct, the pores are likely beginning to interact and material-specific intermediate models should also be considered. In addition, it can be seen that the 1 center pore always fell within the middle of the ranges of percent reduction in elastic modulus. Therefore, to ensure that the results were not biased by orientation, the center pore was used for comparison with analytical and experimental results.
Comparison of finite element model with analytical models and experimental values
After investigating the effect of pore orientation in a FEM, the next step was to compare the FEM with analytical and experimental results. First, Figure 6 compares the predicted reduction in elastic modulus for porosities between 0 and 10 pct for the proposed FEM with the analytical models. The FEM produced a highly linear relationship between porosity and elastic modulus between 1 and 10 pct porosity (R 2 = 0.9983). Simulating the models response to applied load is associated with a change in porosity since all FE simulations were conducted with the same sound nominal modulus (Table I) . Over the entire porosity range, the overlapping solid spheres model had the lowest average error when compared to the FEM (average error of À4.38 pct with standard deviation of 0.0216) followed by Eq. [7] (average error of 8.67 pct with standard deviation of 0.0199). Therefore, the two models shown to be most accurate to the experimental data also matched best with the proposed FEM.
Next, Figure 7 and Table II compare the results of the FEM with experimental data from several different low-porosity materials. The experimental data and FEM both closely followed a similar linear trend with the FEM falling within the range determined by the various experiments. When comparing the FEM to a linear trend line of experimental data (as shown in Table II) , it can be seen that the FEM followed the experimental data better Fig. 5 -Effect of pore orientation on reduction of elastic modulus for low-porosity materials. Note: There was no test for 5 pores spread along the vertical axis due to the required pore radii at 8 and 10 pct porosity. [20] Alumina 2, [21] thermoset polyester resin, [23] HfO 2, [22] sintered Iron, [24] MgAl 2 O 4 [25] ).
than all other models for porosities between 5 and 10 pct and was second only to the overlapping solid spheres model for all other porosities. Moreover, because the overlapping solid spheres model is not valid between 0 and 2 pct, the FEM was both more accurate and applicable over a larger range of validity. Therefore, a macroscale plate with a hole was shown to successfully predict the elastic modulus of materials with micro pores.
IV. CONCLUSIONS
An accurate relationship between elastic modulus and porosity is critical to safely using materials with porosity. However, while several models exist to predict the effect of porosity on elastic modulus for low-porosity materials, these relationships predict varying effects of porosity. This can potentially create confusion for engineers looking to predict the behavior of a porous material. Therefore, this study compared the commonly used models against a compilation of experimental values. While several models did not match well with experimental values, the overlapping solid spheres model Eq. [2] best agreed well with the data. Next, this paper considered a large plate with a center pore in tension to demonstrate the validity of a using a macroscale model to predict the effect of microscale pores on the elastic modulus using FEA. The FEM matched with experimental data better than the overlapping solid spheres model and, unlike this model, was applicable for the entire range of porosity in low-porosity materials. Therefore, this study successfully demonstrated the most accurate relationship between porosity and reduction in elastic modulus and then used a FEM to improve upon this model.
